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ABSTRACT

The connections between first-order formulas over a completely simple
semigroup C and corresponding formulas over its structure group H are
found in this paper. For the case of finite sandwich-matrix the criterion of
decidability of the elementary theory T(C) is established in terms of the
elementary theory of H in the enriched signature (Theorem 1). For the
general case the criterion is established in terms of two-sorted algebraic
systems (Theorem 2). Sufficient conditions in terms of H for decidability
and for undecidability of T(C) are outlined. Corollaries and examples
are presented, among them an example of a completely simple semigroup
with a finite structure group and with undecidable elementary theory
(Theorem 3).

Introduction

In the sea of today’s research on semigroups the current of completely simple
semigroups occupies quite an important place. A comprehensive survey on the
subject, including brand new results, is given in [P-R]. The present paper is de-
voted to the problem of decidability for elementary theories of completely simple
semigroups. The first results obtained in this direction concerned relatively free

completely simple semigroups, and were announced in [R92] and [R93].

In the present work we investigate the elementary theory of an arbitrary com-
pletely simple semigroup M{H, I, J, P) and its connection with the theory of the
corresponding structure group H. It is easy to translate every closed first-order
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formula, ¢ of the group signature into a corresponding closed first-order formula
¢* of the semigroup signature in such a way that ¢ is valid on a group H iff
©* is valid on a Rees matrix semigroup C = M (H,1,J, P). Such a translation
is called the exact interpretation of H in C and, in the case of undecidable
T(H), it implies the undecidability of T'(C'). The original aim of this research
was to look for ways to translate in the opposite direction, i.e., to try to pass
from an arbitrary first-order formula on C to an equivalent formula on H, for
several natural signatures of C and H. The reason is that if for some fixed signa-
tures of C and H there exist such translations in both the forward and backward
directions, then for these signatures the algorithmic behavior of the elementary
theories of C and H is similar, i.e., the two theories are both decidable or both
undecidable in this case. The present paper is the implementation of the original
intentions under certain conditions.

More precisely, in Section 2 we exactly interpret H in C (in Proposition 1,
for the signature < - >, in Proposition 3, for some other signatures and for a
normalized sandwich-matrix) and, for finite I and J, we exactly interpret C in
H x I x J for a convenient signature (Proposition 2). That enables us to find
sufficient conditions and necessary conditions for the decidability of T(C), and,
in the case of finite I and J and a normalized sandwich-matrix, to establish the
following criterion: this decidability is equivalent to the decidability of T'(H)
with constant symbols for elements belonging to P, and also it is equivalent to
the decidability of T'(H) with the unary predicate p(z) for membership in P
(Theorem 1).

The results of Section 3 are obtained for the general case, when I and J
are not necessarily finite. We introduce for ip € I, jo € J the notion of the
two-sorted algebraic system D{ig, jo). It has basic sets H and I x J with the
corresponding multiplication operation inside each of these sets and with the
function m: I x J — H, which corresponds to the sandwich-matrix, obtained
from P by the normalization according to the jo-th row and 4g-th column. Then
we exactly interpret C' in D(ig, jo) (Lemma 3) and we interpret D(ig, jo) in C
with the corresponding constant in the signature (Lemma 4). That enables us to
establish the criterion of decidability of T(C) in the general case: this decidability
is equivalent to the decidability of the elementary theory of the class of all systems
D(ig, jo) (Theorem 2).

In Section 4 we give an example of a completely simple semigroup Cp over a
three-element group such that T(Cp) is undecidable (Theorem 3). This theorem
is based on Theorem 2, and shows that the finiteness of I and J is a vital condition
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for Theorem 1.

In Section 1 we formulate propositions and theorems and then prove them in
Sections 2, 3 and 4. We also deduce corollaries, among them:

— the undecidability of the elementary theory for a free non-monogenic com-
pletely simple semigroup

1) of the variety of all completely simple semigroups over metabelian groups,

2) of the variety CS(N,y,) of all completely simple semigroups over groups from
No, where N, is the variety of all nilpotent groups of class m > 1 (Corollary
1.1);

— the decidability of the elementary theory for a free finitely generated completely
simple semigroup

1) of any variety of completely simple semigroups over abelian groups,

2) of the variety CS (N#Lk) of all completely simple semigroups over groups from
N,‘;: with ¢ prime and m < q, where N,?: is the variety of all nilpotent groups of
class m and of exponent ¢* (Corollary 1.3);

— the decidability of the elementary theory for any completely simple semigroup
with a finite number of maximal subgroups, which are abelian (Corollary 1.2),
and other corollaries.

ACKNOWLEDGEMENT: I am grateful to my teacher L. Shevrin; in particular,
it was his question in [Sv] about semigroup varieties with decidable elementary
theories of relatively free semigroups that lead me finally to investigate elemen-
tary theories of arbitrary completely simple semigroups. I thank N. Reilly, whose
interest in my talk at the Workshop on Semigroups, Formal Languages and Com-
binatorics on Words (Kyoto, 1992) gave additional inspiration to my research,
and U. Abraham, R. Lipyansky, G. Mashevitzky and S. Smith, whose advice
helped me to improve the style of the paper. Thanks are also due to the ref-
eree, whose deep comments and questions stimulated me to clarify proofs, to
add important remarks, to correct a lot of typos, and to think about a possible
generalization of the techniques of this paper to other classes of semigroups in
the future.

1. Definitions, notation, formulation of main results and corollaries

Throughout this paper we use the following notation:

= — “equals by definition”;

L, — the class of all first-order formulas of a signature ¢ (the signature may
contain constant symbols, symbols for operations and for predicates);
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T5(A) — the elementary theory of the algebraic system A of the signature ¢
(this means the class of all closed formulas from L, that are valid on A);

A E ¢ — the formula ¢ is valid on A.

In the terminology concerning first-order formulas and theories we follow [Mal;
in particular, the term algebraic system is equivalent to algebraic structure,
and the term decidability is equivalent for T,(A) to solvability or recursivity
and means the existence of an algorithm answering, for any closed formula ¢ €
L,, whether ¢ € T;(A) or not.

We will use the following definitions, notations and facts concerning completely
simple semigroups [C-P].

Let C be a completely simple semigroup, and let C ~ M(H,I,J,P) be a
representation of C' by a Rees matrix semigroup, where H is the structure group
of C, I and J are index sets, and P = (pj; | j € J,¢ € I) is the sandwich-matrix.
Then C is isomorphic to the set of all triples {(h,%,j) | h € H,i € I,j € J} with
binary operation -, defined by

(hhilv.jl) : (h'2a iZ,jZ) = (h’l *Pjrin h’2a i17j2)7
where hy - pj,i, - ho denotes the usual product in the group H.

In all our proofs we will identify the elements of C with such triples for a fived
representation M(H,I,J, P). Our main results, however, do not depend on a
particular Rees representation of a completely simple semigroup C (see Remarks
1 and 3).

Let e be the identity element of H. The sandwich-matrix P is called normal-
ized if for some ig € I,j9 € J all the elements of the ip-th column and all the
elements of the jop-th row of P equal e. In this case we will say also that P is
(10, jo)-normalized.

For every ig € I, jg € J let

P(io, jo) = ((Pjie) ™"+ ji - (Pioi) ™" * Piosa | J € Jyi € T).
Then
C~M(H,I1,J,P)~ M(H,I,J,P(ig, jo)),
and P (o, jo) is (é0, jo)-normalized.
Let E = {{(pj;)~",4,5) |i e I,j € J}; for any iy € I, jp € J let
H(io, jo) = {(hyio, o) | h € H},  e(io, jo) = ((Piuic) ™" 0, Jo)-

Then E is the set of all idempotents of C, H (i, jo) is the maximal subgroup of
C containing the identity element e(ig, jo), and the mapping

h= (b (Pjoio) ™" 0, Jo)
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defines an isomorphism of H onto H (ig, jp) [C-P].

In the paper we usually formulate and prove the statements for the simplest
possible signatures of H and C; all the results remain true after adding the unary
operation symbol ( ~' ) and the constant symbol for the identity element (e ) to
the signature of H and (or) symbols for two unary operations ( =1 ) and (° ) to
the signature of C (see the following remark).

Remark 0: The expression (y = z~!) is equivalent on H to (z -y = e); the
expression (z = e) is equivalent on H to (¢ -z = ). Therefore, every elementary
formula on A that contains ( ! ) and/or e can be effectively transformed to an
equivalent elementary formula without ( ~! ) and e. Hence if a signature o1 of
H contains the multiplication symbol and ¢} = o1 U {(}), e} is the signature
obtained by adding the symbols ( ~' ) and e to oy, then T+ (H) is decidable
iff T, (H) is decidable. For z € C let 2° denote the identity element of the
maximal subgroup of C that contains x, and let z~! denote the inverse to z in
this subgroup. The expression (y = z~1) is equivalent on C to (z-y = y-z = 2°);
the expression (y = x°) is equivalent on C to (z-y = y-x = ). Therefore, every
elementary formula on C that contains ( ~! ) and/or { © ) can be effectively
transformed to an equivalent elementary formula without ( ~! ) and ( ° ). Hence if
a signature o3 of C contains the multiplication symbol and o3* = oo U{(7!), (*)}
is the signature obtained by adding the symbols ( ! ) and ( ° ) to o9, then
T,;+(C) is decidable iff 7,,(C) is decidable.

Note that varieties of completely simple semigroups are usually considered as
defined by identities of the signature < -,! >; we mean that in the present paper
too.

In this section we formulate the theorems and most of the propositions of the
paper that concern the questions of decidability for elementary theories (their
proofs are given in Sections 2, 3 and 4). We also discuss here the results obtained
and deduce corollaries.

Let us begin with a simple but important result.

PROPOSITION 1: If T'..» (H) is undecidable, then T« .- (C) is undecidable.

This means that decidability of T...(H) is necessary for decidability of
T<.»(C). But it is not sufficient, as will be shown below in Corollary 1.5 of
Theorem 1 and in the Example given in Section 4.

CorROLLARY 1.1: Let C be a free non-monogenic completely simple semigroup
of a variety V satisfying one of the following two conditions:
1. V is the variety of all completely simple semigroups over metabelian groups;
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2. V is the variety CS(Ny,) of all completely simple semigroups over groups
from Ny,, where N, is the variety of all nilpotent groups of class m > 1.
Then T<.-(C) is undecidable.

Proof: If V satisfies (1) or (2), then, according to [J], the structure group H of
C is a free metabelian (or a free nilpotent of class m, respectively ) group with
more than one generator. In both cases T. -1 . (H) is undecidable: for the
case (1) it follows from the results of [Ro], in the case (2) it was proved in [D].
Hence T¢.- (H) is undecidable too (see Remark 0), and T<.(C) is undecidable
by Proposition 1. |

The following Proposition gives a sufficient condition for decidability of
T<.~(C) in the case of finite sandwich-matrix P.

PROPOSITION 2: Let I and J be finite sets. If Tc. ... o.>(H) is decidable,
where a1, ..., a, are symbols for all distinct elements of H belonging to P, then
T<.»(C) is decidable.

In the notation of Proposition 2, let op be <-,a4,...,a, >. Corollary 1.4
below shows for finite I and J that the decidability of T, ,(H) is not necessary
for decidability of T«.».(C). But if P is normalized, then the two theories are
both decidable or both undecidable (Theorem 1).

COROLLARY 1.2:

1. If I and J are finite sets and H has a decidable elementary theory in
the group signature with constant symbols for all elements of H, then for
every J x I matrix P over H the elementary theory of M(H,1,J, P) in the
semigroup signature < - > is decidable.

2. If a completely simple semigroup C has a finite number of maximal sub-
groups and they are abelian, then T< .- (C) is decidable.

Proof: Statement (1) follows directly from Proposition 2. Statement (2) follows
by Proposition 2 from the decidability of T«. 4, .. o, (H) for any abelian group
H and elements ay,...,a, [M]. 1

COROLLARY 1.3: Let C be a free finitely generated completely simple semigroup
of a variety V satisfying one of the following two conditions:
1. V is a variety of completely simple semigroups over abelian groups;
2. V is the variety CS (./\/',?Lk) of all completely simple semigroups over groups
from N,‘,I: with q prime and m < q, where N;,’: is the variety of all nilpotent
groups of class m and of exponent ¢¥.
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Then T .~ (C) is decidable.

Proof: If V satisfies (1) or (2), then, according to [J] and [Ra],
C~M(H,1,J,P),

where H is some abelian group (or, a free finitely generated group from Ngf,
respectively), and I and J are finite sets. In case (1), T~ {C) is decidable by
Corollary 1.2 (2). In case (2), the decidability of T« .~ (C) follows by Proposition
2 from the decidability of the elementary theory with finitely many constants of
the group H, proved de facto in [B]. |

In the next corollary we will use a group H having elements a1, as,. . ., a,, such
that the following condition holds:

(*) T<.> (H) is decidable, but T«. 4, . 4.5 (H) is undecidable.

(Concerning examples of such groups H, see Theorems 3 and 10 from [M-R];
simpler examples may be constructed too.)

COROLLARY 1.4: Let a group H and elements a1, as, . .., a, € H satisfy (*), and
let

I={1,2,...,n}, J={1}, P=(ayaz ... a,),
C=M(H,I1IJP).

Then T<.(C) is decidable, although T<. 4, ... a,>(H) is undecidable.

Proof: C ~ M(H,I,J,P'), where P/ = {e e ... e) is the normalized form
of P (see the definition of P(ip,ja) at the beginning of the section). From
the decidability of T«. (H) it follows that T«. . (H) is decidable (by Remark
0). The decidability of T«. . (H) implies by Proposition 2 the decidability of
Tes(M(H,I,J,P)), ie., of Tes(C). ¥

This corollary shows that Proposition 2 cannot be reversed. It also gives
an example of two different Rees matrix representations M{H,I,J, P} and
M(H, 1, J, P") of the same completely simple semigroup, where I and J are finite,
T,,(H) is undecidable and T, ,, (H) is decidable. Such a situation is possible only
if P is not normalized (see Remark 1 below).

The following Theorem 1 gives the criterion for decidability of T«. (C) in the
case when the sandwich-matrix P is finite and normalized.



362 B. V. ROZENBLAT Isr. J. Math.

THEOREM 1: Let I and J be finite sets and P be a normalized J x I matrix
over a group H. Then for C ~ M(H,I, J, P), the following three conditions are
equivalent:
1. T<.~(C) is decidable.
2. Te. gy, an>(H) is decidable, where a1, ...,a, are symbols for all distinct
elements of H belonging to P.
3. T<.p>(H) is decidable, where membership in P is denoted by the unary
predicate p on H.

Remark 1: Let M(H,I,J,P) and M(H',I' J', P') be two Rees matrix repre-
sentations of the same completely simple semigroup C. Assume now that I
and J are finite and T,,(H) is decidable. Then, according to Proposition 2,
T<»(M(H,I,J,P)) is decidable. Therefore T... (M (H',I’,J', P')) is decidable
because of the isomorphism of the two semigroups. The finiteness of I and J
is equivalent to the finiteness of the number of maximal subgroups in C, which
in turn is equivalent to the finiteness of I’ and J'. (Let us mention that from
the description of isomorphisms between Rees matrix semigroups [P-R)] it even
follows that |I| = |I’| and |J| = |J’'|.) Therefore I and J' are finite. Now if P’
is normalized, then T, (H') is decidable by Theorem 1. Thus the decidability
of T, .(H) for a particular Rees matrix representation of a completely simple
semigroup C with a finite number of maximal subgroups implies the decidability
of T, (H') for any Rees matrix representation M(H',I’,.J', P') of C where P’
is normalized. Therefore the criterion given in Theorem 1 does not depend in
fact on a particular representation of C as a Rees matrix semigroup.

Note that if 7 or J is not finite, then the decidability of T'«. p»(H) or the
decidability of T<. 4, . ¢,>(H) may not imply the decidability of T~ (C), as is
shown in the Example from Section 4. This means, in particular, that Proposition
1 cannot be reversed if I and J are infinite. The next corollary shows that in the
case of finite I and J, Proposition 1 cannot be reversed either. This corollary
uses the condition (*) defined before Corollary 1.4.

COROLLARY 1.5: Let a group H and elements a1, ag, . . ., a, € H satisfy (¥), and
let

I={12,..,n}, J={1,2}, P¢<e e e ... e)

e a1 a ... Qn
C = M(H,1,J,P).

Then T....(C) is undecidable, although T.~.(H) is decidable.
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Proof: The undecidability of T~ (C) follows directly by Theorem 1 from the
undecidability of T<. ¢ ay,....0n> (H). |

Remark 2: Speaking about formulas of signatures <-,p > and <-,a1,...,an >
on H, let us mention bialphabetical identities, considered in [Mash]. For a group
H with a marked subset P, a bialphabetical identity is an expression of the kind

Vry... VopVy; € P.. Yy, € Plu(zy, ..., Um) = v(Z1,. .., Ym)),

where u and v are < - > terms on Z1,...,ZTk, Y1, - -, Ym, and Vy; € P means for
every y; from the set P.
Such an expression is, obviously, equivalent on H to the formula

m
ey, VoL V(A p) = @1, m) = (@1, Ym))),s
=1
where p is the unary predicate for membership in P.
If P is a finite set {a1,...,a,}, this expression is equivalent on H to the set of
identities with fixed points

Ve, .o Vep(w(zy, .o T, iy o0 @i ) = 0(Z1y 0 Tl Qg e 5 iy )

for all the sequences (iy,...,%,;,) over {1,...,n}.

In [Mash] the correspondence between bialphabetical identities of groups of
finite exponent with marked subsets and completely simple semigroup identities
was established, investigated and used in the finite basis problem.

Now let us discuss the results of Section 3 of this paper. This section concerns
the general case, when I and J are not necessarily finite. First of all let us define
the class of all two-sorted algebraic systems D(ig, jo), which seems to be very
natural, but — as far as I know — has never been considered in the literature.

For every ig € I, jo € J let D(ig, jo) be the two-sorted algebraic system with
basic sets H and I x J of the signature < -, 0, 7 >, where - denotes multiplication
on H; o denotes multiplication on I x J, defined by (i1, j1) o (i2,j2) = (41, J2); 7
is the symbol of the unary function that maps the set I x J into H according to
the rule

m((4, ) = (pjio)_l * Pji - (pjoi)_l * Pjgig-
For formulas of the signature < -,o,m > we will use variables of two kinds:

Y1,Y2, .- - with the domain H and Y1, Ys,... with the domain I x J. Let A =
{D(?;O,jg) ' ig € I,jg € J}
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The following Proposition gives a sufficient condition for decidability of
T<.~(C) in terms of the two-sorted system D/(ig, jo)-

PROPOSITION 5: If Tc«. o o5 (D{ég, jo)) is decidable for some iy € I, jo € J, then
T<.~(C) is decidable.

The condition given by Proposition 5 turns out to be necessary for decidability
of T(C) with the constant e(ig, jo), as the following shows:

PROPOSITION 6: If Tc. o x> (D(40, jo)) is undecidable for some iy € I, jo € J,
then Te. c(iy jo)>(C) is undecidable.

Let us note that Propositions 5 and 6 are based on Lemmas 3 and 4, which
are interesting on their own too. The question whether the decidability of
T<. o x> (Do, jo)) is equivalent to the decidability of T«..(C) is still open in
the general case (in the case of a finite sandwich-matrix it is equivalent).

The criterion for decidability of T«.».(C) for the general case is given by the
following Theorem.

THEOREM 2: Let I and J be arbitrary index sets and P be a J x I matrix over
a group H. Then for C ~ M(H,I,J, P), the following conditions are equivalent:
1. T<.5(C) is decidable.
2. T<.ox>(A) is decidable, where A is the class of all two-sorted systems
D(ig, jo) forig € I, jo € J.

Remark 3: Let M(H,I,J,P)and M(H',I', J', P') be two Rees matrix represen-
tations of the same completely simple semigroup, and let A, A’ be their classes
of two-sorted systems, respectively. Assume that T<. o »>(A) is decidable. Then
T<.~(M(H,1,J, P)) is decidable by Theorem 2. But

MH'.I',J',P') ~ M(H,1I,J,P)

and therefore T (M(H',I',J', P')) is decidable. Hence T<. o »>(A’) is decid-
able by Theorem 2. Thus the decidability of T<. , »>(A) for a particular Rees
matrix representation of a completely simple semigroup C implies the decidability
of T<. o,x>(A') for any Rees matrix representation of C. Therefore the criterion
given in Theorem 2 does not depend in fact on a particular representation of C
as a Rees matrix semigroup.

Note that using the description of isomorphisms between Rees matrix semi-
groups [P-R] allows us to construct a bijection f: A — A’ such that every
D(ig, jo) from A is isomorphic (as a two-sorted system) to its image f(D(%0, jo))
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from A’. That would give another proof of the fact that T«. o »~(A) is decidable
iff Te. o > (A') is decidable. But in order to involve the elementary theory of C
(i.e., T<.~(M(H,I, J, P))) we still need to use Theorem 2.

In this paper we will prove only one corollary of Theorem 2. That will be
Theorem 3 from Section 4, which gives an example of a completely simple semi-
group Cy over the group Hz = {a, a?, e} with infinite index sets I = J =
N U {0} and with undecidable elementary theory. This example shows that even
in the case of a finite group Theorem 1 still needs the condition of finiteness of I
and J.

Let us mention that among other corollaries of Theorem 2 are statements about
relatively free completely simple semigroups, announced in [R92] and [R93], but
they lie outside the framework of the present paper.

2. Proofs of statements directly involving the structure group

First, we give the exact definition of the term exact interpretation used
informally in the previous sections.

Definition: For arbitrary signatures ¢ and o; and for algebraic systems A and
B of the signatures ¢ and o, respectively, we say that

T,(A) is exactly interpretable in Ty, (B),

iff for each formula ¢ € L, one can effectively construct a formula ¢* € L,
such that

¢ € T,(A) iff ¢* € T, (B).
In this case we say also that

A is exactly interpretable in B.
Then the undecidability of T,, (B) follows from the undecidability of T, (A).

LEMMA 1: Let

a(z,z)=(x-z=x)AN (2 -2 =1x).

Then for any ig € I, jo € J:
the formula oy (z, e(io, jo)) is valid on C
iffre H(Zo,jo)

Proof: Let x = (h,1,j). The validity of a;(z, e(ig, jo)) on C means that
(hala]) : ((pjoio)—lai()aj()) = (h”la])

and
((pjoio)_laiOajO) ) (h, 27.7) = (h,i,j).
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According to the definition of multiplication on C,

(h’vi’j) . ((pjoio)_lﬁiﬂij) = (h " Pjio * (pjoio)—17iaj0)7
((pjoio)—laimjo) ’ (h’7i7j) = ((pjoio)—l * Pjoi h7i0,j)'

Therefore, C | ai(x, e(io, jo)) iff ¢ = ig and j = jo, L.e., iff z € H(ig, jo)- |
ProposiTION 1: If T<.5(H) is undecidable, then T..(C) is undecidable.

Proof: We interpret H in C using the above formula oq(z,z). Actually, for
every closed prenex formula ¢ € L..5 let us restrict its quantifiers, moving in ¢
from left to right and replacing subformulas of the kind Vz£€ by Vz (e (z, z) — £),
and subformulas of the kind 3z¢ by 3z(a1(z,2) A €) (for arbitrary formula &).
We will finally get the formula of the signature < - > with the free variable z.
Let us denote it by ¢;(z). Now let e(ig, jo) be an arbitrary idempotent from C.
Then, by Lemma 1, H(ig, jo) E ¢ iff C k= p1(e(do,jo)). But H ~ H(io, jo) for
any ig € I, jo € J, and, therefore,

H = ¢ iff C | Vz((2* = 2) = 01(2))

(it is also possible to use the formula 3z((22 = z) A ¢1(z)) instead of Vz((2% =
z) = ¢1(2))). Hence if T<.»(H) is undecidable, then T<.»(C) is undecidable
too. |

ProPOSITION 2: Let I and J be finite sets. If T<. o, . . a,>(H) is decidable,

where a1, . ..,an are symbols for all distinct elements of H belonging to P, then
T<.~(C) is decidable.

Proof: Assume that I = {1,...,M}, J = {1,...,N}, and let Tc.o, . qo,>(H)
be decidable. For any j € J, i € I let us define on H the unary predicate r;;(x),
which holds iff z = py;, i.e., iff z = ay for the corresponding ay € {a1,....an},
which is the element of the j-th row and i-th column of the sandwich-matrix
P. The correspondence 7: (i,j) — k can be effectively defined because of the
finiteness of the matrix P. Let ¢ =< -, {r;; | 1 < j < N,1 < i < M} >.
Replacing expressions 7;;(x) by & = a for k = n(i, j) in o-formulas on H gives
the exact interpretation of the theory T,(H) in T<.,,,. . a.>(H). Therefore,
T,(H) is decidable. Now let us consider the set I as the algebraic system of the
signature o, where iy - i3 = 4y, and where r;;(¢;) holds iff 4, = i. Analogously,
on the set J let us define ji - jo = j2, and define that the predicate r;;(j;) holds
iff j; = j. The theories T,(I) and T,(J) are, obviously, decidable. Let Il =
H x I x J be the direct product of these three algebraic systems of the signature
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o. Then II is the algebraic system of the signature o with the multiplication
(h1,%1, 1) - (ha,i2,J2) = (h1 - he, 41, J2), and for any iy € I, jo € J the predicate
T'joio () holds on ILiff z = (pjy4,, i0, jo). The theory T, (II) is decidable because
of the decidability of T, (H), T, (I) and T, (J) [M].

We will formally define on IT a new binary operation, corresponding to the
multiplication on C. Let

Blxy, x2,z3) = v, t(( \/ rii(@) Az v-za=z3)A(t-v=v)A(v-t =)

1<i<M
15N

Azt =x1) A (22 = x2)).

Let zy,x2,x3,v,t be arbitrary elements of II, where z; = (hy, 4, 1) for 1 = 1,2, 3.
The formula

(V@) Aler-v-22 = 23)

1<i<M
1<5EN

means that there exist ig € I, jo € J such that v = (pjgs,,%0,J0) and kg =
h1 - Pjos, - o in H, i3 = i1, j3 = ja. For z1, 19, 23, v, satisfying these conditions,
the formula

t-v=v)Av-t=v)A(z1 - t=21)A{t T2 =T2)

means that ¢ = (e, iy, jo) and that jo = jq, ig = é2. Therefore, if 3(x;, 22, z3) is
true on IT, then 23 = (A1 -pj 4, - B2, 11, j2). Conversely, if £3 = (h1-pj,4, - h2, 11, J2),
we can take v = (pji,,12,J1), t = (e,42,J1), and that will prove the validity of
B(zy, 22, z3) on IL.

Now let ¢ be a formula from L. .. Assume, without loss of generality, that
quantifier-free subformulas of ¢ are boolean combinations of atomic formulas of
the kinds %7 = 2, £1-T2 = x3 or their negations, where z-s are variables. We can
construct the corresponding formula ¢/ € L,, replacing in ¢ all atomic formulas
of the kind z; - 2 = z3 by B(x1,z2,23). We obtain that

¢ € T<.(C) iff ¢t € T,(11).

Therefore, T.~.{(C) is decidable. ]

In the following Lemma we use the formula «;(z, z) from Lemma, 1.

LEMMA 2: Let
alz,z) = al(z, 2) A A (WP =) A (z-v- 2= 2)),

and let P be a (ig, jo)-normalized matrix. Then:
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the formula a(x, e(ip, jo)) is valid on C
iff £ = (pji,d0,Jo) forie I, j e J.

Proof: Let x = (h,4,7). The element p;,;, € P equals e, and therefore e(o, jo) =
(e, 40, jo). The validity of a(z, e(ip, j0)) on C means that = € H(ip, jo) by Lemma
1, ie., i = ig, j = jo, and that there exists v = ((pj,s,)”",%1,71) such that
z - v - e(io, jo) = e(io, Jo)- But
X v 6(7;07.7'0) = (h7 io,j()) ) ((pj1i1)_1,i1vj1) ) (6, z'07.7'0)
=(h- Pjois - Pine) "+ Pivio - & 10, J0) = (R~ (ps,) 10, Jo)s
because pjoi, = Pji; = € in the (ig, jo)-normalized matrix P. Therefore,
xr-v- e(io,jo) = e(’io,j()) iff h= pj1i17 i.e., lﬁ Tr = (pjlilviO’jO)- [ |

PROPOSITION 3: Let P be an (i, jo)-normalized matrix. If T<. p~ (H) is unde-
cidable, where p is the unary predicate for membership in P, then T¢. ¢(;; j0)>(C)
is undecidable.

Proof: Recall the mapping h — (h - (Djsi,) s %0, Jo), which defines the isomor-
phism of groups H and H (ig, jo) (see Section 1). The element p; ;, equals e, and
therefore e(ig, jo) = (€, %0, jo). Hence for any h € H the image of h is (h, g, jo);
in particular, the image of pj; is (pji, %0, jo) forany i € I, j € J.

Now for every closed prenex formula ¢ € L.. > let us restrict its quantifiers
using the formula a;(z,z), as in the proof of Proposition 1. In the resulting
formula let us replace all atomic formulas of the kind p(z) by a(z,z). Finally,
we will obtain a formula from L., whose only free variable is z. Let us denote
this formula by ¢2(2). From its construction and Lemmas 1 and 2 it follows that

H ¢ iff C k= pa(e(io, jo))-

Hence if T«. - (H) is undecidable, then T .(;; jo)>(C) is undecidable too. |

The following proposition is a simple fact from model theory. Here o is an
arbitrary signature.

PROPOSITION 4: Let M be an algebraic system of a signature o; suppose that
its theory T,,(M) is decidable; suppose also that () is a formula from L, such
that A = {z € M | M |= ~(z)} is finite, say A = {a1,...,a,}. Let o* =
oU{a,...,a,} be the signature obtained by adding the constants a1, ...,aq, to
o. Then T,+(M) is decidable.

Proof: Our aim is to interpret (exactly) the theory T+ (M) in T,(M). Let 7
be any permutation on {1,...,n}. Assume first that 7 satisfies the following
condition:
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(**) for every formula ¥(z1,...,2,) € L, the formula t¢(a1,...,a,) is valid
on M iff the formula ¢(ar(1), . -,@r(n)) is valid on M.
Then let us define

YelZ1,.. ., Tn) = (3 = 21).

Assume now that 7 does not satisfy (**), and let v, (z1,...,2z,) be a formula
from L, with only free variables z1, ..., z, such that:

(***) ¢, (a1, ..., a,) is valid on M, but ¢, (arq),...,a8rm)) is not valid on M.

Let S, be the group of all permutations on {1,...,n}, and let

n

6(:1:17-- 'axn) = (/\ W(xz)) /\( /\ xl 7& x] /\ 1/}7 Ty, - ,In))-

i=1 1<i<j<n T€S,

The formula 6{(zy,...,z,) belongs to L,, and it is valid on M iff

T1 = 8r(1)y---1Tn = Br(n),

where a permutation 7 € S, satisfies (**).

Now for every formula ¢(zy,...,z2,) € L, with the only free variables
Zy,...,Zy We can construct the corresponding closed formula ¢ € L, as follows:

G =3z1,..., 2n(8(Z1,.. -, Tn) N{T1, ..., Zpn)).

Note that the following condition holds:

(****) the formula ¢(a1,...,ay,) is valid on M iff the closed formula ¢ of the
signature o is valid on M.

Now let 8 be a closed formula of the signature ¢*. Assume, without loss
of generality, that § does not contain the symbols xy,...,z,. Let us replace
the symbols aj,...,a, in 8 by z1, ..., x,, respectively, and denote the resulting
formula by @g(x1,...,xn). Then @g(z1,...,2,) € L, and 8 is gg(a,...,a,).
We obtain by (****) that wg(a1,...,a,) € Te=(M) iff gy € T,(M). Therefore,
the decidability of T,- (M) follows from the decidability of T,(M). Proposition
4 is proved. 1

Remark 4: We proved that if M and A satisfy the conditions of Proposition
4, then there exists an algorithm that transforms every closed formula from
Lsu{ay,....any t0 a corresponding closed formula from L,. This algorithm uses
| Sp |= n! formulas ¥, (z1,...,2,), where some of them satisfy (***) and others
coincide with the formula z; = z; (the last case holds iff 7 satisfies (**)). We
know only that there exists a finite set of such formulas {v, | 7 € Sy}, but we do
not give an effective way to find them. Therefore, the proof of this Proposition
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is not constructive, and the same is true for the proofs (1) = (3) and (3) = (2)
of the following Theorem.

THEOREM 1: Let I and J be finite sets and P be a normalized J x I matrix
over a group H. Then for C ~ M(H, I, J, P), the following three conditions are
equivalent:
1. T¢.5(C) is decidable.
2. T<.q,.....0,>(H) is decidable, where a,...,a, are symbols for all distinct
elements of H belonging to P.
3. T<.p>(H) is decidable, where membership in P is denoted by the unary
predicate p on H.

Proof: (2) = (1) by Proposition 2.

(3) = (2) by Proposition 4, when we take:

o =<,p>; M= H; Ais the set of all distinct elements of H belonging to
P; y(z) = p(z).

(1) = (3). Let T«.~(C) be decidable, and let 49 € I, jo € J be such that P
is (40, jo)-normalized. Then T.. c(i,,jo)>(C) is decidable by Proposition 4, when
we take:

0 =<->; M = C; A= E, the set of all idempotents of C; y(z) = 2? = .
Now the decidability of T«. ;5 (H) follows from the decidability of T<. ¢(i jo)> (C)
by Proposition 3. |

3. Proofs of statements involving two-sorted systems

In this section we deal with the general case of a completely simple semigroup
C, presented by a Rees matrix semigroup M (H, I, J, P) over a group H, where
I and J can be infinite, P is not necessarily normalized. The following lemma
gives an exact interpretation of C in the two-sorted system D(ig, jo) for every
19 €1 R j() € J.

LEMMA 3: There exists a recursive mapping L., — L<. o >, giving for every
closed formula ¢ € L. a corresponding closed formula 1, € L<. o >, in such
a way that, for every ip € I, jo € J:

C | ¢ iff D(io, jo) F 1.

Proof: We will effectively construct this mapping. Let i be a formula from L. 5.
Assume without loss of generality that 1, .. ., z,, are all the variables occurring in
1, and that quantifier-free subformulas of ¢ are boolean combinations of atomic
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formulas zy, = Tk,, Tk, * Tky = Tk, OF their negations. To each z; we match
the pair of variables yg, Yi; the idea is that if z; stands for (h,4,7), then yx
stands for h € H and Y}, stands for (3,j) € I x J. Let us replace every quantifier
dzg by JyrIYk, every quantifier Vzy by VypVYy, every formula g, = zx, by
(g, = Uk,) N (Y, = Y, ), and let us replace every formula xy, - o, = zx, by

(Y, 0 Yi, = Yig ) A (Y, - ™(Yey © Yiey ) * Yko = Yis )

Denote by 4 the formula from L. , x> obtained by this algorithm.

Assume now that ¢ is a closed formula. Then ¥ is closed too, and for
any i € I, jo € J the validity of 4 on the semigroup M(H, I, J, P(ig, jo)) is
equivalent to the validity of ¢); on D(ig, jo). This equivalence follows immedi-
ately from the presentation of M(H,I,J, P(ip, jo)) by triples. The semigroup
M(H,I,.J,P(ig, j0)) i1s isomorphic to M(H,I,J, P), i.e., to C (this was men-
tioned in Section 1; for the proof see [C-P]). Therefore, C' = 4 iff D(ig, jo) | 1.
Lemma 3 is proved. |

PROPOSITION 5: IfTc. o 5 (D(i0, jo)) is decidable for some iy € I, jo € J, then
T<.»(C) is decidable.

Proof: This follows directly from Lemma 3. 1

In the following Lemma 4 we will formally define the system D{(ig,jp) in C,
using one-parameter formulas from L..».. The proof will generalize the proof of
Proposition 3.

LEMMA 4: There exists a recursive mapping L. o »» — L<.>, giving for every
closed formula ¢ € L., x> a corresponding formula ¢1(z) € L<.», in such a
way that, for every ig € I, jg € J:

D(ig, jo) = w iff C |= p1(e(io, jo))-

Proof: Let us effectively construct this mapping. We will write down a set ® of
7 formulas from L., containing the parameter z and such that for every ip € I,
jo € J the set of 7 formulas obtained from ® by substitution of e(ég, jo) for z
defines in C a two-sorted system isomorphic to D(ig, jo). Let

oz, z) = (- z2=2)AN{z- 2 =2x)

be the formula from the Lemma 1, and let
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Let us fix arbitrary ig € I, jo € J. Then the formula o;(z,e(ig, jo)) picks
out from C the group H(ig, jp), and the formula aq(z) picks out from C the
set E of all idempotents. The mapping U(h) = (k- (Pjsio) '+ %0, Jo) defines
an isomorphism of H onto H(ig,jo) (see Section 1). It is easy to see that the
mapping V((i,7)) = e(i, j) defines a one-one correspondence between I x J and
E. Let

a3(®1,%2,2) =21 (222 - 2) = 2.
It is easy to check for the following table, that any yq,y2,ys € H, any Y1,Ys, Y3 €
I x J and the corresponding
uk = Uye) = Wk - (Bjoio) " "ri0sd0)y vk = V(¥) = ((0i) ™ k> Jk)

for 1 € k < 3 satisfy the condition:
Every equality from the left column holds on D(%p, jo) iff the corresponding
equality from the right column holds on C.

Y1 =Y2 Uy = U2
Y1-Y2=Y3 U1 U2 =TU3
Yi=Y vy = U2

YioYa=Y; (v1-v2) -vz=u3-(v1-v2)
m(Y1) =y1  az(u1,v1,e(io, Jo)); that is
uy - (e(%0, jo) - v1 - €(io, Jo)) = e(io, Jo)
Consider, for example, the last row of the table. Let us take arbitrary i1 € H,
Y1 = (ilajl) clx J, and let

Uy = U(yl) = (yl ) (p.’ioio)—lvi()’jo) € Cv
vy = V(Yl) = ((pjlh)_l’ilvjl) eC.

Then, according to the definition of multiplication in C,
uy - (e(io, Jo) - v1 - e(do, Jo))
= (yl ) (pjoio)_17/':07j0) : ((pjoio)_l7i07j0) ‘ ((pjﬂ:l)—l’ilajl) : ((pjoio)_17i07j0)
= (91 Pjoio) " * Pioio " Pioio) ™ * Pioir * Pinin) ™" Pivio - (Pjoio) s 40, Jo)
= (yl . (pjoio)—l 'pjo'il : (pjlil)-l 'pjlio . (pjoio)—lai()vjo))

and therefore the formula u; - (e(%0, jo) - v1 - €(ip, jo)) = e(%o, jo) on C means that
the equality

(1 Bioin) ™ Pivis * Pirin) ™" * Pirio * Piio) ™ 605 Jo) = ((Pieio) s G0 Jo)
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holds on C.

But that is equivalent to the equality y1 = (jii0) ™ * Pjrir * (Pjoin) ™ * Pjoio OB
H. The last equality means exactly that x(Y1) = y1 in D(4, jo), q-€.d.

Now let us consider symbols uy, ug, us as variables with the domain H (ig, jo) C
C, and symbols vy, v9, v3 as variables with the domain F C C. Then the formulas
from the right column of the table define on H(ig,jo) and E the predicates
corresponding to the signature < -, 0,7 >, where H (49, jo) and F are considered
as two basic sets of a two-sorted system. This system is isomorphic to D (g, jo)-
Let ® be the set of formulas consisting of a1, as, a3 and of the 4 other right-side
formulas from the table. It satisfies the conditions mentioned at the beginning
of the proof.

The last step of the proof of this lemma is standard, but nevertheless let
us write it down. Let ¢ be a formula from L.. .. Assume, without loss
of generality, that y1,...,yn, Y1,..., Yy are all the variables occurring in ¢, and
that quantifier-free subformulas of ¢ are boolean combinations of atomic formulas
of the kinds from the left column of the table or their negations. To each y, we
match the variable u;, to each Y the variable vg, and replace in @ all the Jy,, Yy,
Yy, VY, by Jug, Yu,, Jug, Yug respectively. In the quantifier-free subformulas we
replace atomic formulas of the kind 7(Yy) = y: by as(ug, vk, z), and we replace
other atomic formulas by the corresponding formulas from the right column of
the table. After that we restrict the quantifiers, using aj(us, z) to restrict by
H (ig, jo) the quantifiers on u;-s, and using as(vg) to restrict by E the quantifiers
on vg-s. The resulting formula belongs to L., it does not depend on iy, jo and
has the free variable z.

If ¢ is a closed formula, then the resulting formula bas no other free variables,
and we denote it by ¢1(z). From the construction of ¢;(z) it follows that:

D(io, jo) & ¢ iff C |= p1(e(io, Jo))-

Lemma 4 is proved. |

PROPOSITION 6: If T<. o »5(Dlig, jo)) is undecidable for some iy € I, jg € J,
then T. o(iy,50)> (C) is undecidable.

Proof: This follows directly from Lemma 4. |

Remark 5: If P is an (io, jo)-normalized matrix, the function 7= on D(ig, jo)
turns out to be as follows:

7((5, 1)) = (Bjis) " ji * Bioi) ™" * Pioio = Pjis  DECAUSE Pjiy = Dioi = Pigio = &-
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Therefore, the formula 3Y (7(Y) = y) defines the unary predicate on the basic set
H of D(ig, jo), corresponding to membership in P (we denote this predicate by p
— see previous sections). Hence the group H itself, considered in the signature
< -, p >, is exactly interpretable in D(4y, jo) (note that if P is not normalized, that
may be impossible for any i € I, jo € J). Now, using the exact interpretation of
D(ig, jo) in C with the constant e(ig, jo) in the signature given by Lemma 4, we
will finally get the exact interpretation of H in C for the mentioned signatures.
This provides another proof for Proposition 3, although the algorithm obtained
here is more complicated than the original one.

THEOREM 2: Let I and J be arbitrary index sets and P be a J x I matrix over
a group H. Then for C ~ M(H, 1,J, P), the following conditions are equivalent:

1. T«.~(C) is decidable.

2. Tc. ox>(A) is decidable, where A is the class of all two-sorted systems
D(io,jo) foripel, joeJ.

Proof: Let T<.5 (C) be decidable, and let ¢ be a closed formula from L. o .
Then for ¢1(2) from Lemma 4 we have:

A ¢iff C V(2> = 2) = ¢1(2)).
Therefore T«. o »>(A) is decidable.

Conversely, let T<. o »~(A) be decidable, and let 1 be a closed formula from
L..~. Then for ¢, from Lemma 3 we have:

CEyiff A1
Therefore T .~ (C) is decidabie, and Theorem 2 is proved. |

4. An example of a completely simple semigroup with a finite structure
group and with undecidable elementary theory

Let

H; = {a, a®, e} witha®=e, I =J=NuU{0},

and let K = {m(1l),...,m(3),...} be a recursively enumerable non-recursive
subset of N.
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Now let
e e €
e
e a ... a
a ... a’
P= 3
e a a
e a? a?
e a? a?
where .
e, ifj=00ri=0,
Pji = a, 1f2>08.nd0<]§m(7/)3
a?, ifi>0and j > m(i).
Let

Co = M(Hg,I,J,P).
The aim of this section is to prove that T« . (Cp) is undecidable.
In the next lemma we will use the two-sorted system D(ig, jo) for ip = 0 € I,
jo =0 € J. The sandwich-matrix P is (0,0)-normalized; therefore, according to
Remark 5 from Section 3, the function 7 on D(0,0) is as follows: m((i, j)) = pjs-

LEmMA E 1: Let

Bily) =y #en(FAN)(x(Y1) = yA
(VY2)((Yio Yy = Y1) = (n(Y2) = e V n(Y2) = y))).

Then B1(y) is valid on D(0,0) if y = a.

Proof: For any Y; = (i1, j1), Yo = (ia, jo) the equality Y; o Y3 = Y; means that
J1 = je, Le., that m(Y1) = p;,4;, and 7(Y2) = pj,i, belong to the same j;-th row
of P. Therefore, informally speaking, the validity of 81 (y) on D(0,0) means that
the following condition holds:

(E*) y # e and there exists j1 € J such that the ji-th row of P contains y at
least once and does not contain elements that differ from e and y.

Suppose now that ¥y = a. Then we can take j; = 1. There is no a? in row
number 1 of P, because m(iz) > 0 for any iy > 0. Therefore, (E*) holds.

Conversely, suppose that (E*) holds. Then y # a?, because it is always possible
to find i3 such that m(iz) will be bigger than ji, and therefore pj, ;, will be equal
to a. Hence, y = a, and the lemma is proved. ]



376 B. V. ROZENBLAT Isr. J. Math.

LeMMmA E 2: For any m > 1 let

Ym = Jy(Br(y) A BY, ..., Yo )((r(Y1) = y)A

(A (W #YR) A, 0, =Y3,) A (n(Y;,) = ))A
1<j1<j2<m

o) A\ (Y5 # Yinsa) A (Y 0 Yinys = Ying1))) = (7(Yomi1) # 9)))-

1<j<m

Then D(0,0) k= v, iff m € K.

Proof:  For any Y] = (i1,41), Y2 = (ia,J2) the equality ¥; o Yo = Y5 means
that 4, = dg, i.e., that (Y1) = pj,;, and 7(Y2) = pj,4, belong to the same ¢;-
th column of P. Therefore, informally speaking, the validity of v,, on D(0,0)
means, according to Lemma E 1, that the following condition holds:

There exists z; € I such that the i;-th column of P contains a at m different
places, but it does not contain a at m + 1 different places.

According to the definition of P, for every 4; > 0 the i;-th column of P contains
a at m(iy) different places exactly. Therefore, -v,, means that there exists ¢; > 0
such that m = m(4;), which means m € K. The lemma is proved. |

PROPOSITION E 1: T¢. , 5 (D(0,0)) is undecidable.

Proof: For any m > 1 the formula -, defined in Lemma E 2 is a closed formula
from L¢. o x>, and it belongs to Tc. o x> (D(0,0)) iff m € K. The set K is not
recursive, therefore T«. o x o> (D(0,0)) is undecidable. Hence T«. o x> (D(0,0)) is
undecidable too, because every atomic formula y = e on D(0, 0) can be replaced
by ¥ = y. ]

The next lemma gives a property that specifies the system D(0,0) in the class

A = {D(io,jo) | %0 € I,jo € J}. More precisely, this lemma establishes the
negation of such a property.

LeMMmAa E 3: For every ig € I, jo € J, where iy # 0 or jo # 0, there exist
i1 € I N1y, j1 € J jo such that in the matrix P(ig, jo) the element of the j;-th
row and i,-th column equals e.

Proof: Let g;; denote the element of the j-th row and i-th column of P(ig, jo).
Then, according to the definition of P(ig, jo) (Section 1),

@i = (Pgio) ™" - Pji - (Pioi) ™"+ Pioio-
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Case 1: Ifip =0, jo > 0, let us take any 0 < ¢y € I such that m(é1) > jo, and
let us take j; = m(i;). Then j; € J{0,jo}. Hence we get:

o =10
z% <i1) A0 < Jo < mir))
(0 <i1) A0 < g1 = mf(ir))

= Djic = Pjoio = €
= Djoi, = Gy

— Piiy = Q-
Therefore,

qjlilze—1~a-a_1-e=e.

CAsE 2: 1If g > 0, jo = 0, let us take any 0 < iy € I ~{io} and j; = 1. Then:
Jo=10 = Djoio = Pjoiy = &
O<i)A(Gr=1) = pji =a,

(0 < io) N (]'1 = 1) = Djiig = Q-

Therefore,

Q414; =alag-ele=e

CASE 3: Ifip > 0, jo > 0, let us consider two subcases:
(a) jo < m(io). Let us take iy € I ~{ig} such that jo < m(é1), and let j; = 0.
Then:
=0 = Pjrio = Pjrix = €
0<jo< m(zl) = DPjoi, — G,
0 <jo <m(ig) == Pjsio = @
Therefore,

qjlilze_l-e‘a_l-a:e.

(b) jo > m(io). Let us take iy = 0, j; > jo. Then:

11=0 =  Pjoiy = pgm =e,
Jo > m(ig) = Pjoip = a°,
J1>jo > mlip) = pji, = a’.

Therefore,

G = (@) e-ela=c B

Now let us specify the system D(0,0) in the class A by an elementary formula.
As in the proof of Lemma E 3, for fixed iy € I, jo € J we will denote by g;; the
element of the j-th row and i-th column of the matrix P(ig, jo)-

LEMMA E 4: Let

e=3Y((n(Y)=e)A(VW)((n(Y1) =€) > (Y oY1 =17V
(YoY: =Y)))).
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Then D(0,0) |= ¢ and D(iy, jo) = —¢ for any ig € I, jo € J such that ig # 0 or
Jo # 0.

Proof: For every ig € I, jo € J, Y = (3,7), Y1 = (41, 71) the equality (Y oY; =
Y1) means on D(ig, jo) that ¢ = iy, i.e., that #(Y) = ¢;; and 7(Y7) = g;,;, belong
to the same i-th column of P(ig, jo); the equality (Y oY; = Y') means on D(ig, jo)
that j = jy, i.e, that 7(Y) = g;; and 7(Y1) = ¢;,5, belong to the same j-th row
of P(ig, jo). Therefore, informally speaking, the validity of ¢ on D(ig, jo) means
that in P(io, jo) there exist a row (number j) and a column (number #) such that
the equality g;,;, = e implies at least one of the equalities ¢; = ¢ or j; = j. That
means, therefore, that every e of P(ip, jo) belongs to the j-th row or to the i-th
column.

The last condition is true for ig = 0, jo = 0, because in this case P(ig, jo) is
simply P, and we can take i; = 0, j; = 0. Therefore D(0,0) = ¢.

If ig # 0 or jo # 0, the condition considered above is false on D(ig, jo). In-
deed, in this case, in addition to the elements of the ip-th column and to the
elements of the jo-th row of P(ig,jo) (which all equal e because P(4g,750) is
(%0, jo)-normalized), there exist iy # 4o and j1 # jo such that g;;, = e (see
Lemma E 3). Therefore, if ig # 0 or jo # 0, then D(ig, jo) = —e. |

THEOREM 3: T....(Cy) is undecidable.

Proof:  Let ¢ be a closed formula from L.. 5 r>. Then from Lemma E 4 it
follows that D(0,0) = ¢ iff A & (¢ = ¢). Therefore, the undecidability of
T<..0x>(D(0,0)), established in Proposition E 1, implies the undecidability of
T<.ox>(A). Hence, T«.5(Cy) is undecidable by Theorem 2. |
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